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Let g, h > 2 be two fixed integers, and let a,(g) denote the positive real 
number (written in base h) O.( g”)( g’)( g’) -.. where (g”) is to mean the 
number g” written in base h. The main aim of the present paper is to prove 
the following 
THEOREM 1. a,,(g) is irrational for all g, h as above. 
The special case h = 10 of this result was treated by Mahler [5]. Here we 
use completely different methods than in [5], where simple congruence 
considerations succeeded. But in return we are in a position to give an 
irrationality measure, at least for certain pairs (g, h). 
PROOF OF THE RESULTS 
Let d(m) denote the number of digits of gm in base h. Then d(m) = 
1 + [mc] is clear for all m E N, where 
<:=- l”gg ER+ 
log h - 
Since 
a,(g)=gOh-d’O’ + g’h-d’O’-d”’ + . . . 
= + 
i,g 
nh-Z&+d(m) 
, 
n=O 
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we have 
Now we must distinguish two cases. 
Suppose first [ E Q + , say 4’ = r/s, with coprime r, s E N. For CJ, v E No, 
v < s we have 
Since we have by [6, p. 1191 that 
S-l 
7 
r[ I 
T, = (r- l)(s - 1)/2, 
u=l s 
(3) 
we find from the last identity that 
mzl [W=W~- 1)/2+(r- l)(s- l)o/2 
+r(v+ l)u+ f fP 
u=l [ I (4) 
By the coprimality of I, s the number on the right-hand side of (3) is a 
rational integer, and using (4) we get from (2) that 
S-l 
a,(g) = z g~~-~-~-~;=,lrulsl 
u=o 
m  
x c (gS~-S-(‘-1)(S-1)/2-‘(Utl) 0 rso(o- I,/2 )h- . (5) 
o=o 
If a E C is fixed with ]a ) > 1 we denote by T(x; a) the entire transcen- 
dental function 
f xaa 
-da- I)/2 
0=0 
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of x which was investigated arithmetically by Tschakaloff (81. For v = O,..., 
s - 1 put 
C” := gU/p-l-~~=,I”lSl 
(6) 
resp. 
a” := gSh-S-(‘-‘)(S-~)/2-‘(V+‘); 
obviously c, and a, are positive rational numbers such that by (5) 
S-l 
a*(g) = 2 c,T(a,; hTS) (7) 
v=o 
holds. Assuming now u,,(g) E Q we arrive at an immediate contradiction to 
Tschakaloff s linear independence result in [8, II]: Namely, the quotient of 
two of our a’s with different indices cannot be a power of a := h’“, since 
aAr = h’“‘-“” = hrs’ with J E Z would imply that s divides v’ - v and 
thus u’ = V. 
Formula (7) is also appropriate to deduce an irrationality measure for 
a,(g) in the first case log g/log h E Q +. To do this we quote the main result 
of [3] as 
LEMMA 1. Let K be either the rational or a fixed imaginary quadratic 
number field and let Iz denote its ring of integers. Suppose a, a,,..., a,-, E 
K\(O) such that 
(i) a = u/p with p, u E I,\(O) and O<y:=log]p]/loglu] < 
(2s + 1 -(4s2 + 1)“‘)/(2S) =: y(s), 
(ii) a, = aU,aa for V, V’ E (0 ,..., s - l}, i E Z implies v = v’, 1 = 0. 
Put 
O,(y) := (2s - 1 + (4s2 + 1)“‘)(2 - y(2s + 1 + (4s2 + l)‘/‘)) 
and let E E R + be arbitrary. Then there exists an effectively computable 
constant c = c(a, ,..., a,-, , s p, o, E) > 0 such that the inequality ,
(A+AoT(ao;u)+~~~+~,~,T(~,~,;~)l 
holds for all (A,A, ,..., A,-,) E Is;” with non-zero (A, ,..., A,-,). 
Defining B := hS+(r-l)(S-1)/2 we see Bc, E N for all v, by (3) and (6). 
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Applying the preceding lemma with y = 0 and using (7) we get for arbitrary 
(P, Q) E Z X N that 
> C(B ok,“,“, c,,) - ex(o) - ‘Q ~ ‘JO) - ’ 
from which we have 
THEOREM 2. If g, h E {2,3,...} are such that (log g)/(log h) = r/s with 
coprime r, s E N and if E E R + is arbitrary, then there exists an eflectively 
computable constant c > 0 depending only on g, h and s such that for all 
(P, Q) E Z X N the inequality 
holds. In particular then u,,(g) is not a Liouville number. 
Remark. It is easily seen that in Mahler’s case h = 10 the first alternative 
occurs if and only if g = 10’ with i E N, which leads then to r = i, s = 1. In 
this case we get the irrationality measure 
for every real 8 > (3 + 5 I’*)/2 = 2.6 lg... . This result could also be derived 
from [2] or (71. 
Next we come to the remaining case 6 & Q in which we know by the 
theorem of Gelfond-Schneider that c is transcendental. Here we have to use 
completely different means to prove Theorem 1, and so far have not been 
able to give a quantitative version similar to Theorem 2. The irrationality 
proof will be based on the following criterion of Erdos-Straus 141. 
LEMMA 2. Let @,A,= 1,2 ,... be a sequence in Z and (a,),, ,,* ,,.. a 
sequence in N with a,, > 1 for all large n satisfying b, = o(a,_, a,,) for 
n -+ 00. Then the series 
;, b,l(a, a-+ a,> 
is rational tf and only if there exists a number B E N and a sequence (c,) in 
Z such that for all large n 
Bb,=c,,a,,-c,,+, and /c,+,l < $a,. (8) 
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Following (2) we want to apply Lemma 2 to the series 
with a *= h ’ + IS’], b, := g” for all n E N. By the definition of c in (1) we 
have a”,:,~, > hs(2n-1) = g2n-1 such that the o-condition in the lemma is 
satisfied. Assuming now that series (9), or equivalently a,,(g), is rational, 
then there exist B and (c,) as in Lemma 2 such that 
Bg” = c,h’+[@l - c,+~, Ic,+tll < jh’+[s”’ (10) 
for all large n. Therefore we lind 
g”h/2 = h ‘+92> )c,+,I=J~,~‘+‘~“~-B~“IZ(IC~I-B)~~, 
i.e., ]c,( < B + h/2 for n large enough and thus the sequence (c,) is bounded. 
By the first part of (10) there exist c, c* E Z such that 
c* =ch I+ tsnl _ Bg” (11) 
holds for infinitely many n E N. Obviously we have c E N. 
Let us consider first the case c * = 0. By (11) it is clear that g and h must 
have exactly the same prime factors, p, ,..., pk, say. If e,(j) denotes the exact 
power to which p divides j E N, then from (11) we find 
e,(c) -t <b + 1 - Dl> e,(h) = e,(B) + q,(s) (P=P ) , ,**-, pk 
for infinitely many n where {x} :=x - [x] E [0, 1) for real X. Therefore we 
get [ E Q +, contradicting the hypothesis of the second case. 
Thus (11) with c* # 0 must be satisfied for infinitely many n. With 
m = m(n) := 1 + [C n we write (11) equivalently in the form ] 
(c*/B) g-” = exp(m log h - n log g + log(c/B)) - 1 (12) 
and want to apply the following result of Baker [ 1, Theorem 3.11: 
LEMMA 3. Let a ,,..., a,; &, , /?, ,..., ,8, be algebraic numbers of degree not 
larger than d where the heights of the non-zero a’s are bounded by A and the 
heights of the p’s by B > 2. If in A :=& + CzZl /?, log a, the logarithms 
have n Jixed determinations, then there exists an effectively computable 
constant C > 0 depending at most n, d, A and the log’s such that either A = 0 
or )AI>B-‘. 
Since the left-hand side of (12) is non-zero, we know the non-vanishing of 
A := m log h - n log g + log (c/B) (13) 
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where the three log’s have principal values. If now c* > 0, then A > 0 and so 
by (12), (13), Lemma 3 and the definition of m(n) 
(c*/B) g-” = e* - 1 > A > (max(m(n), n))-” 2 c,KC 
for it > 2. But this inequality can have at most finitely many solutions n E N. 
If, on the other hand, c* < 0, then -1 < A < 0 by (12) for n large enough. 
Thus 
Ic*/B)g-“=(e*-II= IA+-$+...i 
>[A\ l-$-$- . ..) 
( 
= (3 -e) IA 1 
. . 
which again has at most finitely many solutions IZ. Our Theorem 1 is finally 
proved. 
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